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1. $\Gamma*$
$n$- $\mathcal{M}_{n}$ Ikegami-
Saeki [2] $\mathcal{M}_{n}$ n-
$N_{n}$
$\text{ }$ “elimination of cusps”[4] “semi-characteristics”
[5] [2] $\mathcal{M}_{2}$
“smooth maps” ) Thom [8] Pontrjagin-
Thom Thom complex
homotopy group Wells [10]




Saeki [7] $n\geq 6$ n-









$M$ (n), $N$ (n) $n$
empty set $\emptyset$ $M$ (n), $N$ (n) element
$\langle$
Definition2.1. $M(n)$ $f_{0}$ : $M_{0}arrow \mathrm{R},$ $f$1: $M_{1}arrow \mathrm{R}$
$(n+1)$ - $X$
fold points $C^{\infty}$- $F:Xarrow \mathrm{R}\cross[0,1]$
(1), (2) oriented cobordant $\text{ }$
(1) $X$ $X$ disjoint union $M_{0}$ $(-M_{1})$ ( $M_{1}$
$M_{1}$
(2) $\epsilon>0$
$F|_{M_{0}\cross[0,\epsilon)}$ $=$ $f_{0}\cross \mathrm{i}\mathrm{d}_{[0,\epsilon)}$ : $\# 0\cross[0, \epsilon)arrow$ R $\cross$ $[0, \epsilon)$ , and
$F|_{M_{1}\mathrm{x}(1-\epsilon,1]}$ $=$ $f_{1}\cross \mathrm{i}$d(1-g,1] : $M_{1}\cross$ $(1-\in, 1]arrow \mathrm{R}\cross(1-\epsilon, 1]$
$M_{0}\cross[0, \epsilon)$ $M_{1}\cross(1-\epsilon, 1]$ $X$
collar
$F$ $f_{0}$ $f_{1}$ ”oriented cobordism”





$n$- $M$ $f$ : $Marrow \mathrm{R}$
index $\lambda$ $C_{\lambda}(f)$ (0\leq \lambda \leq n)
Definition 2.2. $0\leq\lambda\leq n$ , $\varphi_{\lambda}$ : $N_{n}arrow \mathrm{Z}$ $\overline{\varphi}_{\lambda}$ : $\mathcal{M}_{n}arrow$
$\mathrm{Z}$
$\varphi_{\lambda}$ ([f]) $=C_{\lambda}(f)-C_{n-\lambda}(f)\in \mathrm{Z}$
$\overline{\varphi}_{\lambda}=\varphi_{\lambda}\mathrm{o}$ (natural map : $\mathcal{M}_{n}arrow N_{n}$)
$[f]$ $f\in N$ (n) )
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$\overline{\varphi}_{\lambda^{\text{ }}}\varphi$
\lambda Lemma 4.1 well-defined \S 4
$[f]+[g]$ $[f\mathrm{U}g]$ N\not\subset )(
$M$ (n) $)$ $f$ : $Marrow \mathrm{R}_{\text{ }}$ $g$ : $Narrow \mathrm{R}$ $f$ $g$ :
$M$ $Narrow \mathrm{R}$
( $f$ $g$) $(x)=\{$
$f(x)$ $(x\in M)$ ,
$g(x)$ $(x\in N)$
Definition2.3. $\Phi$ : $N_{n}arrow \mathrm{Z}$ \lfloor n/2 $\overline{\Phi}$ : $\sqrt${\Lambda n\rightarrow Z\lfloor n/2
$\Phi([f])=$ ( $\varphi_{\lfloor(n+3)/2\rfloor}([f]),$ $\varphi_{\lfloor(n+3)/2\rfloor+1}([f]),$ . . $\mathrm{I}$ , $\varphi_{n}$ ([f]))\in Z\lfloor n/2
$\tilde{\Phi}$ ([f]) $=(\tilde{\varphi}_{\lfloor(n+3)/2\rfloor}([f]),\overline{\varphi}_{\lfloor}(n+3)/2\rfloor+1([f]), . , \overline{\varphi}_{n}([f]))\in \mathrm{Z}^{\lfloor n/2\rfloor}$
$\lfloor x\rfloor$ $x$ $[f]$
$f$
Definition 2.4. $\mathfrak{N}_{n}$ $\Omega_{n}$ n-
( $[8]_{\text{ }}$ [9]
) $\text{ }\Psi$ : Nn\rightarrow \Re $\overline{\Psi}$ : $\mathcal{M}_{n}arrow\Omega_{n}$
$\Psi$ ( $[f$ : M\rightarrow R])=[M]2\in \Re
$\overline{\Psi}([f : Marrow \mathrm{R}])=[M]\in\Omega_{n}$
$[M]_{2}$ $[M]$




Definition 2.5. $M$ $(4k+1)$ - $K$
( Z2 $\mathrm{Q}$ ) $K$ $M$
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semi-characteristic $\sigma(M;K)\in \mathrm{Z}_{2}$ (
$\sigma$ (M$\}.K$ ) $= \sum_{i=0}^{2k}\mathrm{d}\mathrm{i}$m $H_{i}(M;K)$ $(\mathrm{m}\mathrm{o}\mathrm{d} 2)\in \mathrm{Z}_{2}$ .
Definition 2.6. $f$ : $Marrow \mathrm{R}$ (4k+y-
$\sigma(f)\in \mathrm{Z}_{2}$
$\sigma(f)=\sum_{\lambda=0}^{2k}C_{\lambda}(f)$ $(\mathrm{m}\mathrm{o}\mathrm{d} 2)\in \mathrm{Z}_{2}$ .
$\Lambda:\mathcal{M}_{4k+1}arrow \mathrm{Z}_{2}$
$\Lambda([f : Marrow \mathrm{R}])=\sigma(f)-\sigma$ (M; $\mathrm{Q}$ ) $\in \mathrm{Z}_{2}$ .
$\Lambda$ well-defined \S 6 Lemma
6.2
3
Theorem 2.7 ( ).
$n$ - $\mathrm{M}$, n-
$\prime \mathfrak{n}_{n}$ $\lfloor n/2\rfloor$
$(\Psi\oplus\Phi)([f : Marrow \mathrm{R}])=$ ( $[M]_{2},$ $\varphi_{\lfloor}(n+3)/2\rfloor([f]),$ $\varphi_{\lfloor}$ (yz $+3)/2\rfloor+$ l $([f])$ . , $\varphi_{n}$ ([f1))
$\Psi\oplus\Phi$ : $N_{n}arrow\Re$ \oplus Z\lfloor n/2
$\lfloor x\rfloor$ $x$
2
Theorem 2.8 ( $n\neq 4k+1$ ). $n\not\equiv 1$ (mod4)
$n$ - $\mathcal{M}_{n}$
$n$ - $\Omega_{n}$ $\lfloor n/2\rfloor$
$(\overline{\Psi}\oplus\tilde{\Phi})([f : Marrow \mathrm{R}])=$ ( $[M],\tilde{\varphi}_{\lfloor}(n+3)/2\rfloor([f]),\overline{\varphi}_{\lfloor}$(n-13)/2J $+$ l $([f]),$ . , $\overline{\varphi}_{n}$ ([f]))
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$\tilde{\Psi}\oplus\overline{\Phi}$ : $\mathcal{M}narrow\Omega_{n}\oplus$ Z $\lfloor$n/2 $\rfloor$
Theorem 2.9 ( $n=4k+1$). $n\equiv 1$ (mod4)
, $n$ - \Omega \sim
$n$ - $\Omega_{n}$ $\lfloor n/2\rfloor$
$(\tilde{\Psi}\oplus\overline{\Phi}\oplus\Lambda)([f : Marrow \mathrm{R}])=$ ( $[M],\overline{\varphi}\lfloor(n+3)/2\rfloor([f]),$ . . $|$ , $\overline{\varphi}_{n}([f]),$ $\sigma(f)-\sigma$(M; $\mathrm{Q})$ )
$\tilde{\Psi}\oplus\tilde{\Phi}\oplus\Lambda$ : $\mathcal{M}narrow\Omega_{n}\oplus$ z $\lfloor$n/2$\rfloor\oplus$ Z2
3. ELIMINATION OF CUSPS
section [4]
Definition 3.1. $m\geq 2$ $F$ : $Warrow \mathrm{R}^{2}$ m-
$p\in W$ fold point $\dot{p}=$
$(u, z_{1}, . , z_{m-1})$ $F(p)=(U, Y)$ $0\leq\lambda\leq$
$m-1$ $F$
(3.1) $\{\begin{array}{l}U=u\mathrm{Y}=-\Sigma z_{k}^{2}+\lambda m-1\Sigma z_{k}^{2}k=1k=\lambda+1\end{array}$
fold point $p$ absolute index $\tau(p)=$
$\max${ $\lambda,$ $m$ –l $-\lambda$ } $p$ cusp point
$p=$ $(u, x, z_{1}, . . \mathrm{t} , z_{m-2})$ $F(p)=(U, Y)$
$0\leq\lambda\leq m-2$
(3.2) $\{\begin{array}{l}U=uY=ux+x^{3}-\sum_{k=1}^{\lambda}z_{k}^{2}+\sum_{k=\lambda+1}^{m-2}z_{k}^{2}\end{array}$
cusp point $p$ absolute index $\tau(p)=\max\{\lambda,$ $m$-
$1-\lambda\}$
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$m$- $W(m\geq 2)$ $\mathrm{R}^{2}$ $\backslash$ ( .|
(1), (2), (3), (4), (5) $C$“- $F$ : $Warrow \mathrm{R}^{2}$
(1) $F$ rank 0
(2) $F$ $rank=1$ $F$ $S_{1}$ (F)
$S_{1}$ (F) smooth non-intersecting curves $\text{ }$
(3) $F|s_{1}(F)$ zero differential $S_{1}^{2}(F)\subset S_{1}$ (F)
$S_{1}^{2}$ (F) discrete set $\text{ }$
(4) $p\in S_{1}(F)-S_{1}^{2}$ (F) $p$ fold point
(5) $p\in S_{1}^{2}(F)$ $p$ cusp point $\text{ }$
$(1)-(5)$ $m$- $\mathrm{R}^{2}$
generic $S_{1}$ (F) $W$ 1-
cusps
cusp point absolute index
$S_{1}(F)-S_{1}^{2}(F)$ component absolute index
$\text{ }$ absolute index $i$ cusp point $p$










$F:Warrow \mathrm{R}^{2}$ generic map $G$
$dF.:TW|_{S_{1}(F)}arrow(F^{*}T\mathrm{R}^{2})|_{S_{1}(F)}$ .
cokernel bundle $\text{ }$
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$p\in S_{1}$ (F) ,$p$ index $i$ (p, $\gamma$) I $p$
$\backslash \backslash ^{\backslash }$ fold point $\tau(p)$
$m-1-\tau(p)$ $p$ $p$ $\mathrm{f}\mathrm{i}\mathrm{b}\mathrm{e}\mathrm{r}G_{p}$ $\gamma$
cusp point $\tau(p)$ $m-2-\tau(p)$ (
[4] )
$W$ $m$- $(m\geq 3)$ $F$ : $Warrow \mathrm{R}^{2}$
generic map $F$ 2 cusp points $p_{1},p_{2}$ $\text{ }$
$F$ homotopy
( [4] ) $\text{ }$ $\lambda$ : $[0,1]arrow W$ $\lambda(0)=p_{1}$ ,
$\lambda(1)=p_{2},$ $\lambda([0,1])\cap S_{1}(F)=\{p\mathrm{l}, p_{2}\}$ smooth embedding
[4, p.284] $\lambda’(0)_{\text{ }}\lambda$’(1)
. $F\circ\lambda$ immersion ([4, (4.4)])o $W$ ( $[searrow]$
joining curve $\lambda$ $(F\circ\lambda)^{*}T\mathrm{R}^{2}$
Fig. 3 $(F\circ\lambda)’(0)\Lambda\gamma_{1}$ $(F\circ\lambda)’(1)\Lambda\gamma_{2}$
$(F\mathrm{o}\lambda)^{*}T\mathrm{R}^{2}$ $G_{p_{j}},$ $j=1,2$ $\gamma j$
$i$ (pj, (j) $\gamma j,$ $j=1,2$ cusp point $pj$ index
$i(p_{1}, \gamma_{1})+i$ (p2, $\gamma_{2}$ ) $=m-2$ cusp points pl $p_{2}$ matching





$..\backslash \backslash _{\backslash _{\sim}}\ldots\ldots\ldots...........F(p_{2})=F(\lambda(1))$
FIGURE 3
[4] $m$- $W(m\geq 3)$ $\mathrm{R}^{2}$
generic map $F$ : $Warrow \mathrm{R}^{2}$ Euler characteristic $\chi(W)$
cusp points generic map homotopic
. Euler characteristic $\chi(W)$ cusp point 1




H.M.J, $\mathrm{V}\mathrm{o}\mathrm{l}.34$ , N0.2(2004)
4. ( )
section Theorem 2.7 $M,$ $N$ ( \iota
$\mathrm{e}$
$\mathrm{A}\backslash$
$n$- , $f$ : $Marrow \mathrm{R},$ $g$ : $Narrow \mathrm{R}$ ,F: $Xarrow$





$f_{t}$ $=$ $F|_{M_{t}}$ : $M_{t}arrow \mathrm{R}\cross\{t\}$
$\langle$
$\pi$ : $\mathrm{R}\cross[0,1]arrow[0,1]$ second factor $\pi\circ F|s_{1}(F)$ :
$S_{1}(F)arrow[0,1]$ $t\in[0,1]$ $M_{t}$ $n$ smooth
manifold $f_{t}$ $S(f_{t})=S_{1}(F)\cap M_{t}$
$p\in S(f_{t})=S_{1}(F)\cap M_{t}$ $\tau(p)$ $F$ fold point






$F$ some $\epsilon>0$ $M\cross(-\epsilon, 0]$ U $X\cup N\cross[1,1+\epsilon)$
lemma ( )






$([M]_{2}, a_{\lfloor(n+3)/2\rfloor}, a_{\lfloor(n+3)/2\rfloor+1}, . . . , a_{n})\in \mathfrak{R}_{n}\oplus$
$\mathrm{Z}^{\lfloor n/2\rfloor}$ ,
$(\Psi\oplus\Phi)([f])=$ ( $[M]_{2}$ , a\lfloor (n+3)/2 , $a_{\lfloor(n+3)/2\rfloor+1},$ $..|$ , $a_{n}$ ).
$f$ : $Marrow \mathrm{R}$
$(\Psi\oplus\Phi)([g_{0}])=([M]_{2}, b_{\lfloor(n+3)/2\rfloor}, b_{\lfloor(n+3)/2\rfloor+1}, . . , b_{n})$ .
$g_{0}$ : $Marrow \mathrm{R}$ $\mathrm{A}\mathrm{a}_{\text{ }}$
$b_{\lambda}=\varphi_{\lambda}([g_{0}])=C_{\lambda}(g_{0})-C_{n-\lambda}(g_{0})$ $0\leq\lambda\leq n-1$
$\lambda$
indices $\lambda+1$ $\lambda$ critical points
$g_{1}$
$C_{n}(g_{1})-C_{0}(g_{1})=a_{n}$
$a_{n}>b_{n}$ indices $n,$ $n-1$ critical points 4
$a_{n}<b_{n}$ indices $0_{\ovalbox{\tt\small REJECT}}1$ critical points
$\mathrm{I}$ indices $n-1,$ $n$ -2 1, 2 critical points
$C_{n-1}(g_{2})-C_{1}(g_{2})=a_{n-1}$ $g_{2}$




Ker( $\oplus\Phi$ ) $[f : Marrow \mathrm{R}]$ , [$f$ : $Marrow$
$\mathrm{R}]=0\in N_{n}$ $[f : Marrow \mathrm{R}]$ $Ker(\Psi\oplus\Phi)$
$M$
$M$
$(n+1)$ $W$ $W$ $W$
$\mathrm{R}\cross[0,1]$ $M$
, generic ( $F$ )
$F$ cusp points
$F$ cusp points $F$
cusp points
absolute index cusp point $F$
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$\mathrm{R}\cross[\frac{1}{2},$ -21+\mbox{\boldmath $\delta$}d\rceil ( $\delta>0$ ) . $\mathrm{R}\cross[0, \frac{1}{2}]$
cusp point
FIGURE 4
matching pair Levine cusp points
cusp cusp
points matching pair cusp
1 $(\mathrm{n}+1)$
( $\mathrm{R}P^{n+1}$ ) $\mathrm{R}\cross[0,1]$
generic cusp 1
2
cusp points $\mathrm{F}\mathrm{e}$ Levine maching pair
cusp







6. ( , $n=4k+1$ )
2.9 . $\Lambda$ : $\mathcal{M}_{4k+1}arrow \mathrm{Z}_{2}$ $\lambda([f : Marrow \mathrm{R}])=$
$\sigma(f)-\sigma(M;\mathrm{Q})$ ( $M$ ; Q) [ $M$ semi-




Lemma 6.1. $W$ W =M
(4k+2)-
$\sigma(M;\mathrm{Q})\equiv\chi(W)$ $(\mathrm{m}\mathrm{o}\mathrm{d} 2)$ ,
$\mathfrak{W}^{\backslash }$
$\mathrm{p}$)
$\text{ }$ $\chi(W)$ $W$ Euler characteristic
Lemma 6.2. $(4k+1)$ - 2
$f$ : $Marrow \mathrm{R}$ $g:Narrow \mathrm{R}$
$\sigma(f)-\sigma(M;\mathrm{Q})=\sigma(g)-\sigma(N;\mathrm{Q})$ .
Lemma 6.1 $W$ $(4k+1)$
.4 $M$ $\mathrm{m}\mathrm{o}\mathrm{d} 2$ $M$ semi-characteristic
$W$




1 $[f : Marrow \mathrm{R}]\in Ker(\overline{\Psi}\oplus\tilde{\Phi}\oplus\Lambda)$
Levine matching pair cusp point
absolute index 1 arc





generic $F$ $\mathrm{m}\mathrm{o}\mathrm{d} 2$ arc
cusp point 2 $\sigma(f)$
arc $\sigma(M;\mathrm{Q})$ $W$
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Lemma 6.1 $\pi$ : $\mathrm{R}\cross[\mathrm{O}, 1]arrow[0,1]$
$\pi\circ F$ $\pi\circ F$
$W$ $\sigma(M;\mathrm{Q})$ $\pi\circ F$
$[f : \mathrm{J}/Iarrow \mathrm{R}]\in Ke$r $(\overline{\Psi}\oplus\overline{\Phi}\oplus\Lambda)$ $\sigma(f)=\sigma(M;\mathrm{Q})$
$\mathrm{m}\mathrm{o}\mathrm{d} 2$ $\sigma(f)$ $\pi\circ F$
$\pi\circ F$ generic $F$ cusp
arc arc $\mathrm{m}\mathrm{o}\mathrm{d} 2$
$\sigma(f)$ cusp arc arc $\pi\circ F$
cusp arc cusp point
arc cusp points
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